We extend the Shirafuji model for massless particles with primary spacetime coordinates and composite four-momenta to a model for massive particles with spin and electric charge. The primary variables in the model are the spacetime four-vector, four scalars describing spin and charge degrees of freedom as well as a pair of Weyl spinors. The geometric description proposed in this paper provides an intermediate step between the free purely twistorial model in two-twistor space in which both spacetime and four-momenta vectors are composite, and the standard particle model, where both spacetime and four-momenta vectors are elementary. We quantize the model and find explicitly the first-quantized wavefunctions describing relativistic particles with mass, spin and electric charge. The spacetime coordinates in the model are not commutative; this leads to a wavefunction that depends only on one covariant projection of the spacetime four-vector defining plane wave solutions.
Introduction
There are three known equivalent ways of describing massless relativistic particles:
2. Mixed twistorial-spacetime (Shirafuji-like) description -with primary spacetime coordinates and composite four-momenta [2] ; and 3. Standard geometric description -with primary relativistic phase space variables (spacetime coordinates and four-momenta).
The extension of these three geometric levels to the two-twistor sector has been presented recently [3, 4, 5] in terms of the corresponding Liouville one-forms. If we introduce two twistors (i = 1, 2; A = 1, . . . , 4) 1
the free Liouville one-form corresponding to the two-twistor case is the following
After using the two-twistor generalization of the Penrose incidence relation and the realization of the momentum P αα , P αβ = π Now, we can write
Formula (1) determines the two-twistor generalization of the Shirafuji action [2] . We see that the primary or, equivalently, elementary variables are now the following ones
1 The indices i = 1, 2 describe an internal SU (2) symmetry. The complex conjugation implies the change from covariant (lower) indices to contravariant (upper) indices.
The particle model described by the Liouville one-form (1) provides a framework to describe the mass, spin and electric charge but does not specify their values. We shall introduce further their numerical values by postulating suitable physical constraints. One concludes that the quantum-mechanical solution of the model (1) may describe infinite-dimensional higher spin and electric charge multiplets, linked with the field-theoretic formulation of higher spin theories (see e.g. [6, 7, 8] The dynamics of a massive spinning particle is described by its trajectory in the generalized coordinate space
where π αk ,π k α = (π αk ) (k, j = 1, 2) are two pairs of commuting Weyl spinors and the four quantities s k j , satisfying the condition s k j = (s j k ), are Lorentz scalars. The action derived from (1) has the following form (a = 1, . . . , 4)
where the T a are four algebraic constraints on the coordinates (2) to be specified later and λ a are their Lagrange multipliers.
From the Lagrangian (3) we obtain the canonical momenta in the standard way (P L =
∂L ∂Q L
). This leads to the following 16 primary constraints
We present now the form of the four algebraic constraints 2 T a T 1 :
T 3 :
The real quantities s = (s r ) = (s 1 , s 2 , s 3 ) and s 0 present in (7)- (9) are defined in terms of the Lagrangian variables s j k as follows
where (σ r ) j k are the Pauli matrices. The constraint (6) defines the mass m of the particle because using it we obtain that (P µ ≡ σ µαα P αα ) P µ P µ = m 2 . The constraints (7) and (8) are introduced in the action (3) in order to obtain a definite spin s and the covariant spin projection s 3 whereas the constraint (9) defines the U (1) charge q of the particle. The case of a massive spinless particle has recently been described in terms of a single twistor by using a modified twistor-phase space transform inspired by two-time physics techniques [9] .
In the subsection 2.3 we shall see, from the time preservation of the constraints, that secondary constraints do not appear in our model. Thus, the full set of constraints is given by the physical constraints (6)- (9) and by the primary ones (4)-(5).
Analysis of the primary constraints
If we transform the twelve constraints (4), (5) to equivalent Lorentz-invariant expressions by contracting them with the spinors π αk andπ k α and combine the results, the discussion of the constraints is simplified and their splitting into first and second class is clearer. The eight expressions (5) take the form
The first four constraints of (4), after contraction with spinors and using the mass shell constraint, take the form
We transform the new set of 16 primary constraints, in order to get SU (2) vector and scalar quantities, in the following way
where (σ r ) j k , r = 1, 2, 3 are the Pauli matrices. The set of primary constraints takes the following form
Thus, our full set of constraints is described now by the four physical constraints (6)- (9) and by the sixteen primary constraints (10)- (13).
We present now the canonical Poisson brackets (PB) of the coordinates
Evaluating the corresponding Poisson brackets we see that the three quantities D r are the generators of SO(3) and the three quantities B r extend the SO(3) algebra to the Lorentz symmetry SO(3, 1) ≃ sl(2; C). We shall call the D r , B r internal symmetry generators.
We can also conclude that the quantities P 0 , P r extend the internal Lorentz generators (D r , B r ) to an internal Poincaré algebra. The complete set of non-vanishing Poisson brackets between all twenty constraints can be found in [10] .
Time evolution of constraints and their split into first and second class ones
The action (3) is invariant under an arbitrary rescaling on the world line τ → τ ′ = τ ′ (τ ) and the canonical Hamiltonian vanishes H = P LQL − L = 0 . The total Hamiltonian is given, therefore, by a linear combination of all the constraints,
Imposing the preservation of all the constraints in time we find that four out of the twenty Lagrange multipliers above are not determined. The four first class constraints associated with them are
The other 16 constraints can be presented as eight pairs of canonically conjugated second class constraints (
The subset of constraints D r , B r does not close under the PB operation. To solve this we introduce the following linear combination of constraints
Now, their Poisson brackets vanish on the surface of the constraints.
Solving the second class constraints
Due to the resolution form 3 of the first four pairs of second class constraints we can exclude [10] the variables s r , s 0 and their momenta P (s)r , P (s)0 by putting instead
In order to put the next three pairs of second class constraints in the resolution form we perform a canonical transformation 4
3 A pair of constraints A ≈ 0, B ≈ 0 have the resolution form in the phase space (xi, pi) i = 1, . . . , N if they have the form given by the following formulae:
This form of the constraints was considered by Dirac [11] . In such a case the Dirac brackets are identical with the canonical PB. 4 The generating function of this canonical transformation has the form
Now, we can exclude the variables x r and P r by setting
The only two remaining second class constraints have the form
Subsequently, we introduce the Dirac brackets (DB) as follows
We observe that the first relation of (18) reduces one spinorial degree of freedom, i.e. we are left with seven unconstrained spinorial coordinates.
First quantization and solution of the first class constraints 4.1 First class constraints
After taking into account all the sixteen second class constraints there remain eighteen phase space variables, namely,
which are constrained by the two algebraic relations (18) . After performing the quantization of the canonical Dirac brackets {y,
ŷ ′ ] (we put = 1) one obtains the corresponding commutation relations, where we use the 'qp-ordering'.
The sixteen independent degrees of freedom described by the variables (4.1) are additionally restricted by the four first class constraints (14)- (15) . These can be written in the form
where the numerical values of m, s, m 3 and q describe mass, spin, spin projection and an internal Abelian (electric) charge.
Covariant solution of the constraints
We take the Schrödinger realization of the quantized variables (4.1) on the commuting generalized coordinate space ( x 0 , π αj , π jα ). The generalized momenta (P 0 , P βj , Pβ j ) have the following differential realizations:
The wavefunction has the following coordinate dependence
We shall solve the four wave equations consecutively:
i) Mass shell constraint (19).
The general solution of the constraint (19) is
One can show [10] that the invariant time coordinate τ = m 2 x 0 = P µ x µ . Therefore, the exponent in the wavefunction (23) has the standard form of a plane wave, where the four-momentum P µ is composite in terms of spinors.
ii) Normalized spinors and electric charge. The eight (real) variables π αk ,π k α define two variables f ,f as follows
and the remaining six degrees of freedom can be described by the normalized
Due to the first constraint of (18), the modulus of f is given by the mass parameter |f | = m 2 and the variable y ∈ S 1 , y ≡f f , defines the phase of f which will be eliminated by the constraint (22).
Using the variables y, u αi ,ū iα the first class constraint (22) has the solution Φ m (y, u αk ,ū
iii) Spin content. Let us find now the solution of the constraints (20), (21) for the functioñ Φ(u αk ,ū k α ) using the polynomial expansion in spinor variables
The solution of Eq. (20) is
where in this expansion only spinorial polynomials of order 2s (k = k 1 + k 2 , n = n 1 + n 2 ) are present, k + n = 2s , where k i (i = 1, 2) denotes the number of spinors u α i , and n i (i = 1, 2) the number of spinors uα i . In order to describe covariant projection of the spin, given by the eigenvalue equation (21), we observe that
A more detailed discussion of the procedure used to obtain the solutions, the link between the variables u α i and the spinorial Lorentz harmonics can be found in [10] . Although we are going to present here the example for the spin 1 wavefunctions the simpler spin 1 2 case can also be found in [5, 10] .
5 Example: Spin s = 1.
In this case the fieldΦ(u αk ,ū k α ) is
Inserting in this expression u αi = 2 m P ααūα i ,ū iα = − 2 m P αα u αi and comparing the result with (24) we obtain the following equations
The antisymmetric parts of equations (25) provide the transversality condition for fields φ αβ j i P αβ φ αβ ij = 0 .
Using P αβ Pβ β = 1 4 m 2 δ β α we obtain further
The equations (25)- (28) 
Inserting (29) into the equations (25)- (28) we obtain the spin 1 Proca equations
as well as the identity P [ µ F νλ] ij = 0 . We obtained three complex fields (internal SU (2)-triplet) with spin s = 1.
On the function (24) we impose the reality condition Φ = Φ which gives φαβ ij =φαβ ij = (φ αβ ij ) , φ αβ i j = (φ βα j i ) . The second set of relations in (30) can be written down as the following SU (2)-Majorana reality conditions ψ ij cd (Cγ 5 ) ca (Cγ 5 ) db = ǫ ik ǫ jl ψ klab and the fields (29) satisfy the reality conditions (A µ ij ) = A µij , (F µν ij ) = F µν ij . These relations define three real vector fields and the corresponding three real field strengths.
Conclusions
We have described a classical and first-quantized model of massive relativistic particles with spin based on a hybrid geometry of phase space, with primary spacetime coordinates x µ and composite four-momenta P µ expressed in terms of fundamental spinorial variables. We would like to point out that a model for massive particles with spin in an enlarged spacetime derived from two-twistor geometry, with primary both spacetime coordinates and four-momenta P µ , has been recently described in [3] - [5] . The difference with our approach here consists in the choice of the primary geometric variables which in [12] - [14] contains, besides two-twistor degrees of freedom in mixed twistorial-spacetime formulation, a primary even Weyl spinor [15] . 5 In this work all the degrees of freedom describing massive particles with spin and internal charge are derived entirely from the two-twistor geometry.
In order to quantize the classical system we have introduced a complete set of commuting observables, which determine the generalized coordinates of the wavefunction. In our case the set of commuting generalized coordinates does not contain all the spacetime coordinates, because in our geometric framework they do not commute. As a result, only the Lorentz-invariant projection m 2 x 0 = x µ P µ can be included into the quantum-mechanical commuting coordinates. In such a way we are allowed to use the plane waves e ixµP µ as describing the spacetime dependence of the wavefunction. We conclude, therefore, that although in our framework the spacetime coordinates of spinning massive particles are non-commutative, we are able to obtain the standard plane wave solutions.
